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A one-parameter family of area-preserving piecewise linear maps is considered. 
Behavior of the stable and unstable manifolds starting from a hyperbolic fixed point 
is investigated in relation to the outermost KAM (Kolmogorov-ArnoldPMoser) 
curve of a neighboring elliptic fixed point. It is proved that, at least for certain 
specific values of the bifurcation parameter, each of the stable and unstable 
manifolds has a sequence of points that tends to the outermost KAM curve of the 
stable fixed point. As a corollary, homoclinic points also accumulate to the outer- 
most KAM curve. Though simple, these seem to be the first rigorous examples of 
such an asymptotic behavior of stable and unstable manifolds. It is found that 
stable and unstable manifolds form a polygon for a sequence of parameter values 
even if the dynamical system given by the map is not integrable. rl 1992 Academic 
Press. Inc. 
1. INTRODUCTION 
How to determine the outermost KAM curve of a fixed point or periodic 
points is one of the fundamental problems of dynamical systems. Famous 
KAM theory (Arnold [l], Moser [2]) assures that there survive a lot of 
invariant curves (KAM curves) surrounding the fixed point if the system 
deviates a little from the integrable one. However, the theory does not say 
how far the outermost KAM curve extends. 
As an illustrative example, take a simple mapping of the plane which 
has one stable and the other unstable fixed points (see Fig. 1; see also 
Guckenheimer and Holmes [3]). It is usually explained that if the system 
is integrable (Fig. l(a)), stable and unstable manifolds of the unstable fixed 
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FIG. 1. Invariant curves of the unperturbed and perturbed maps. 
point form a closed curve and that KAM curves of the stable fixed point 
fill the inside region. Further it is explained that if the system becomes non- 
integrable (Fig. 1 (b)), stable and unstable manifolds intersect ransversally, 
and that KAM curves of the stable fixed point do not fill the region 
formerly filled with them. It seems that the explanation stops here. There 
remains a problem; what happens in the inside region formerly filled with 
KAM curves? More specifically, how do the stable and unstable manifolds 
behave in this region, and how far does the outermost KAM curve of the 
stable fixed point extend? In particular, do the stable and unstable 
manifolds approach indefinitely the outermost KAM curve? 
Recently, Vazquez et al. [4] numerically investigated the stable manifold 
of the unstable fixed point of the Cremona map in relation to the outer- 
most KAM curve of the neighboring stable fixed point and in relation to 
stable manifolds of the unstable periodic points bifurcated from the stable 
fixed point. They observed that manifolds from higher periodic points join 
those of lower periodic ones and form a bundle of manifolds. This bundle 
seems to approach the outermost KAM curve of the stable fixed point. 
In the present work, we show that two extreme cases can happen; in the 
one extreme, the stable and unstable manifolds form a closed curve of finite 
length, hence they do not approach the outermost KAM curve of the stable 
fixed point; in the other extreme, each of the stable and unstable manifolds 
has a sequence of points that tends to the outermost KAM curve, and the 
transverse homoclinic points associated with them accumulate to the 
outermost KAM curve. 
We consider a one-parameter family of area-preserving piecewise linear 
maps (Devaney [ 51) 
with 
T:xn+, =fkA+k-Y,, .Yn+1= n, X (1) 
f(x)= :X-ax 
{ 
for x<$, 
for x2$. (2) 
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Here, a is the bifurcation parameter. We consider the range 0 <a < 4. The 
maps have one unstable fixed point at the origin 0 and the other stable 
fixed point at (4, $), which will be denoted by S hereafter. The phase plane 
is divided in two at x= 4. Points with x <: move on hyperbolas under 
iterations of the map, while points with x 2 $ move on ellipses under itera- 
tions of the map. Therefore, the behavior of the points is very simple as 
long as their images are in one of the half-planes. The complexity of the 
phase plane structure comes from the fact that there are points that are 
sometimes in the left half-plane and sometimes in the right half-plane. 
2. GENERAL PROPERTIES OF THE MAPS 
2.1. KAM Curves qf the Stable Fixed Point 
The map (1) is linear for x 3 a, hence stability analysis is almost trivial. 
So, we restrict our description to a minimum that is needed in what 
follows. 
The rotation number W of the stable fixed point S is related to the 
bifurcation parameter a by 
a=2(1 -cos27TW). (3) 
Every orbit is on a respective llipse with the same rotation number as 
long as it stays in the right half-plane. This ellipse is given by 
X2 - (2 - a) XY + Y2 = const., (4) 
where we introduced the coordinates (X, Y) by X=x - i and Y = y - f. 
The principal axes of these ellipses are the line y = x (which will be referred 
to as the symmetry line, hereafter) and the line perpendicular to it at S. 
The axial ratio is given by dw. Therefore, the symmetry line is the 
minor axis for a > 2, and it is the major axis otherwise. 
Let us obtain the largest KAM curve that is entirely contained in the 
right half-plane. If W is irrational, this is evidently the ellipse that touches 
the line x = $, since the orbit of a point densely fills the ellipse. This ellipse 
is given by 
X2 - (2 - a) XY + Y2 = (4~ - a2)/64. (5) 
If the rotation number is rational, say W= p/q, the largest KAM curve 
is a q-gon. This q-gon has two vertices on the line x = $. They are 
1 1 cos(7Gp+ 1)/q) (- 4’ 2 4 COS(~h) > 
in the original coordinates. 
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FIG. 2. Examples of the phase plane structure: (a) W=fi, (b) IV=+, (c) w=$, 
(d) W= l/Q’%. 
In general, the outermost KAM curve is larger than the largest KAM 
curve obtained above. Figure 2 shows four examples of the phase plane 
numerically obtained. In Fig. 2 piecewise linear graphs starting from the 
origin are the unstable manifolds. The largest KAM curves in x b i are 
q-gons (q = 8, 7, 6) in Figs. 2(a), (b), and (c), and it is the innermost ellipse 
in Fig. 2(d). In Figs. 2(b) and (c), it is not clear whether the outermost 
KAM curves are greater than the q-gons or not. We briefly discuss this fact 
in Section 4. 
2.2. Stable and Unstable Manifolds of the Unstable Fixed Point 
In general, stable and unstable manifolds intersect transversally. In this 
subsection, we show that there are cases where they form a polygon. 
Let us denote the stable and unstable manifolds of the origin by w” and 
W”, respectively. W” and W” are symmetric to each other with respect to 
the symmetry line. They are piecewise linear. Let us call each linear seg- 
ment of them a branch. Branches are numbered starting from the one 
STABLE AND UNSTABLE MANIFOLDS 533 
nearest to the unstable fixed point. If the nth branch of W” crosses the line 
x = i, its iterate under T consists of the (n + l)st and (n + 2)nd branches. 
Similarly, if the nth branch of W” crosses the line y = i, its iterate under 
T-’ consists of the (n + 1)st and (n + 2)nd branches. Otherwise the iterate 
of the n th branch is the (n + 1)st branch. 
Let us introduce some notations. Let A= (a + 2 + J&%)/2. Then the 
direction of the first branch of W” is y = j.x, while that of W” is y = (1/2)x. 
Let us denote the points (l/4, l/(41)) and (l/(U), l/4) by P, and PO, 
respectively. Let P, = T”P, and Pn = Tp”Po for n = f 1, k 2, . . . . Then 
the linear segments OP, and OF, are the first branches of W” and W’, 
respectively. 
By the symmetry of W” and W” with respect o the symmetry line, if W” 
crosses the symmetry line at some point, then W” crosses it at the same 
point. Therefore, if W” and W” cross each other transversally on the sym- 
metry line, they do not form a polygon of a finite number of edges. In fact, 
iterates under T” or T-” of the crossing point are all different and tend to 
the origin along the respective manifolds, hence the number of branches 
containing these points is infinite. 
W” crosses the symmetry line for the first time at x > a, and W” crosses 
it for the first time at y > 4. Therefore, as long as W” does not cross the 
symmetry line, vertices of the n th branch of W” are points P, and P, ~, . 
The same is true for W”. Thus, the necessary condition for the existence of 
a polygon is either P, = P, on the symmetry line or p,, = TP,. The resultant 
polygon is a 2n-gon in the former case, and it is a (2~ + 1 )-gon in the latter. 
It can easily be confirmed that this is also the sufficient condition for the 
existence of a polygon. 
Now, we show that there exists an n-gon for every n 3 3. First, consider 
the case 2n. Points P,, k = 1, 2, . . . are on ellipse around the stable fixed 
point S as long as their x coordinates are greater than $. The angular 
position of P, measured from some fixed direction, say the direction from 
S to 0, is a continuous function of the rotation number W, hence of a. We 
have W + i as a -+ 4, and W -+ 0 as a -+ 0. W is a monotone function of a 
in the range of interest. Let us decrease the value of a starting from 4. At 
first, points P, is on the other side of P, with respect o the symmetry line. 
As u decreases, P, moves clockwise around S and eventually comes to the 
same side as P,. The other P,‘s behave similarly. In addition, P, for a 
larger n comes to the same side later, i.e., for a smaller a. Therefore, for any 
n (n 32), there exists a unique a such that P, is on the symmetry line, 
which means the existence of a 2n-gon. Moreover, a 2n-gon of a larger n 
appears at a smaller a. 
Next, consider the case 2n + 1. Take the (n + 1 )st branch of the unstable 
manifold. Since its vertices P, and P,-, are on the ellipse mentioned 
above, it is a chord of the ellipse. This chord moves continuously as a 
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changes. Therefore, by a similar reasoning as above, there exists a unique 
a such that the chord is divided exactly into two by the symmetry line. 
Since one of the principal axes of the ellipse is along the symmetry line, this 
chord and the symmetry line intersect perpendicularly. Therefore, we have 
fi=K+1 = TP,, from which follows the existence of a 2n + 1-gon. 
Moreover, a 2n + 1-gon of a larger n appears at a smaller u. Taking into 
account the relation of the chord and its vertices, we conclude that an 
n-gon of a larger n appears at a smaller a. 
We give the phase portraits of the map for four values of a in Fig. 3. It 
is clearly seen that the dynamical system given by the map is not integrable 
for these values of a. 
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FIG. 3. The cases where the stable and unstable manifolds form a polygon: 
(a) W=O.3138 ,.., (b) W=O.2266 . . . . (c) W=O.1763 . . . . (d) W=O.1438... Eight orbits are 
plotted in each figure. 
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3. ASYMPTOTIC BEHAVIOR OF THE STABLE AND UNSTABLE MANIFOLDS 
We prove in this section the following theorem. 
THEOREM. Each of the stable and unstable manifolds of the unstable fixed 
point at the origin has a sequence of points that tends to the outermost KAM 
curve of the stable fixed point at S($, i) zf W= 4, $, or f. 
We consider the case W= i. Figure 4 shows the situation. In the figure, 
triangle ABC is the largest KAM curve obtained in Section 2.1. Piecewise 
linear graph containing P, and Qn is the unstable manifold starting from 
the origin. P, are the points defined in Section 2.2. The point Q3 is one of 
the vertices of the third and fourth branches of the unstable manifold. The 
other Qn’s are its iterates under T or T-l. It is to be noted that segments 
CP ~, and AQO go to AP, and BQ 1, respectively, under the map. 
In proving the Theorem, we use the following properties of the map; 
points of the triangle ABC return to themselves under T3, while a point 
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FIG. 4. The KAM curve and unstable manifold for W= d. S is the stable fixed point, 
triangle ABC is the largest KAM curve in x 2 4, linear graph containing P, and Q. is the 
unstable manifold from the origin. Points P, are defined in Section 2.2. P*, Q*, and R* are 
the cross points of the branch Q,P, with AP,, AQo, and CP_ ,, respectively. C* is the cross 
point of AP, and CP _, 
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outside the triangle, say Q4, rotates by an angle smaller than 2n: under T3 
and rotates by an angle larger than 271 under T4; a linear segment just out- 
side the triangle ABC has a part which approaches the triangle under T3. 
Let us introduce notations. Let us denote the x and y coordinates of a 
point X by xx and y,, respectively. Let d, denote the length in the x-coor- 
dinate of a linear segment y. Let P*, Q*, and R* be the intersection points 
of the branch Q,P, with the segments APo, AQ,, and CP_,, respectively, 
and C* be the intersection point of AP, with CP- 1. Let 9, 9’, and 9”, 
respectively, be the closed regions surrounded by the quadrilaterals 
ABQ4P3, ABQ,P*, and AQ*R*C*. Finally, let y be a linear segment. 
Then, T”y (n = 1, 2, . ..) are piecewise linear. Let us call each linear segment 
of them a branch. 
Let us consider the following two steps. 
Step 1. Take a linear segment, say yO, which has one of its vertices, 
say X, on BQ4 and which extends into 9. Let the expression of the segment 
be y=ax+B (O<cr< l/(2+0)). Operate T3 on y,, successively k times, 
where integer k (k > 0) satisfies the relations T3X, T6X, . . . . T3kX~ 9’, and 
Tw+ “X(fg’. 
Step 2. If the branch starting at T3kX of T3ky, has a partial segment, 
say &, which is contained in Y’, operate T4 on +&. 
yl = T4y& has one of its vertices on BQ4 and extends into $9. We say that 
Steps 1 and 2 can be operated on y,, if yI is not empty. We say that Steps 1 
and 2 can be operated successively twice on y0 if Steps 1 and 2 can be 
operated on ‘Jo. In a similar manner, “Steps 1 and 2 can be operated 
successively n times on yO” is defined for n = 3, 4, . . . . 
Let us prove the following lemma. 
LEMMA. Let yO: y = CIX + /I (0 < c1< l/(2 + a)) be a linear segment which 
has one of its vertices X on BQ4 and which extends into 9. Let 
d,, > ( g)(xB - xx). Then Steps 1 and 2 can be operated successively arbitrary 
times on yO. 
For the proof of the Lemma, let us give several propositions. These 
propositions can easily be proved with direct applications of the map, so 
we omit the proof. 
PROPOSITION 1. Let P E AQ* and Q = T4P E BQ4. Then we have 
XB - XQ = (2 + 0)(x/j - xj?). 
PROPOSITION 2. Take P E 9’ and suppose Q = T3P E 9’. Then we 
have y, = ye and xp- xp = 2a( y, - yp). Moreover, we have xp - xp = 
{2u/(2+a)}(x,-x,) ifP~l?Q~. 
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PROPOSITION 3. Let y : y = c(x + j (0 6 !.I < 1) he a linear sqqment in 
$S” and let y’= T4y: y = CI”C + j3’. Then we have do;, > (1 + 3a)d,, 
CI’ = l/(2 + 3a - c(), and 0 = (fl - a/2)/(2 + 3a - c(). 
PROPOSITION 4. Let y : y = LXX + /I be a linear segment in 9’. Let 
y’: y = u’x + /I’ be a part of the branch of T3y contained in .9. Then we have 
a’ = a/( 1 + 2aa) and fi’ = (p + acr/2)/( 1 + Zacr). 
PROPOSITION 5. Let y,, be a linear segment satisfying the condition of the 
Lemma. Operate Step 1 on yO. Let y’ be the branch of T3ky, containing T3kX 
as its vertex. Further, let yb = y’ n 9”. Then, (a) yb # 4 and 0 < xA - xp < 
f,(x,-xX), where P=&nAQ* andfI=(2+5a)/{(2+a)(6a2+4a-l)}, 
and (b) d,.;, > (xs -x,)/5. 
Proof of the Lemma. We use the notations of Proposition 5. We can 
operate Steps 1 and 2 on yO since $, # 4. Let y, = T4yb and 
X, = T4P6 BQ4. Then we have 
xB-xX,<(xB-xxX)/3> (6) 
by Proposition 1 and Proposition 5(a), and d.,, > 2(x,-xX) > 6(x, - xX,) 
by Proposition 3 and Proposition 5(b). 
Further, the inclination of y, is less than l/(2 + a) by Proposition 3. 
Thus, y, satisfies the condition of the Lemma, hence Steps 1 and 2 can be 
operated on y,. Consequently by induction, Steps 1 and 2 can be operated 
successively arbitrary times on yO. Q.E.D. 
Proof of the Theorem. The branch Q,P, of the unstable manifold 
satisfies the condition of the Lemma, hence Steps 1 and 2 can be operated 
successively arbitrary times on it. Let yO = Q4P3 and let y,, (n = 1,2, . ..) 
be the linear segments obtained from ynpl by Steps 1 and 2. Further, 
let X,, be the vertices of y, which are on BQ4. Then we have xB- .xX” < 
(xB-xX,-,)/3, from Eq. (6), hence {Xn} converges to B. 
W” and W” are symmetric with respect o the symmetry line. Therefore, 
W” also has a sequence of points which converges to the triangle ABC. 
Thus, we have shown that triangle ABC is the outermost KAM curve of 
the stable fixed point S and that each of W” and W” has a sequence of 
points that tends to the outermost KAM curve of the stable fixed point. 
Q.E.D. 
Remark. The cases W = d and W = k can be proved similarly. However, 
in these cases, T’, T4 should be changed to T4, Ts and T’, T6, 
respectively. Remaining necessary modifications are clearly understood by 
referring to Figs. 5(a) and (b). 
4OY.166,2-16 
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FIG. 5. The similar figures as in Fig. 4. Rotation numbers are (a) W= 4 and (b) W= :. 
W” and W” intersect transversally on the symmetry line if they do not 
form a polygon. Let us operate Step 1 on the segment +j~,, in the proof of the 
Theorem. Then the segment T3ky, intersects the symmetry line at a point 
close to point A as n -+ z. Thus we have 
COROLLARY. Homoclinic points accumulate ,from outside to the outer- 
most KAM curve if W= f, i, or i. 
4. CONCLUDING REMARKS 
We have shown in Section 2.2 that there are cases in which the stable 
and unstable manifolds form a closed polygon. This might seem to be due 
to the specific nature of the maps, i.e., the piecewise linearity of them. 
However, this can happen also in nonlinear smooth maps. In fact, 
Mather [6] derived a necessary condition for the existence of invariant 
circles of the twist map. This condition can be used to find the invariant 
curve containing the unstable fixed point. Our preliminary study suggests 
the existence of such cases in smooth maps. 
In our piecewise linear maps, the points on some of the invariant curves 
around S, which we called KAM curves, are all periodic if the rotation 
number is rational. Therefore, these invariant curves are not the KAM 
curves in a strict sense. The rationality of the rotation number of these 
invariant curves seems to be due to the piecewise linearity of the maps. We 
consider that these curves correspond to the usual KAM curve in smooth 
maps. 
Our proof of the Theorem in Section 3 is nearly optimal in the cases 
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where the outermost KAM curve of the stable fixed point coincides with 
the largest KAM curve in x 2 i. In fact, the outermost KAM curve is 
larger than the largest q-gon in x > a if q is greater than or equal to 8 (see 
Fig. 2(a)). In the cases IV= f and 4 (Figs. 2 (b) and (c)), the situation 
seems to be marginal, i.e., we cannot say at present whether the outermost 
KAM curve coincides with the q-gon or not. 
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